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Circulant matrices of order t with elements circulant matrices of order s are used 
for the construction of D-optimal saturated designs of order N = 2st. A number of 
new designs are so constructed. The optimal design for N = 66 is constructed for the 
first time. 0 1985 Academic Press, Inc. 
1. INTRODUCTION 
Ehlich [l] constructed the saturated D-optimal designs with N obser- 
vations, N = 2 mod 4, for the values N= 2, 6, 10, 14, 18, 26, 30, 38 using 
the form 
where R, , R, are circulant matrices of order N/2 and AT denotes the trans- 
pose of A. 
In a series of papers Yang [4-71, using the same form, constructed the 
D-optimal saturated designs for N = 42, 46, 50, 54, 62. 
In this paper, we generalize the above method, by taking R,, R, to be 
circulant matrices of order S, with elements circulant matrices of order t 
(s. t = N/2), which we call for brevity “block-circulant matrices” (BCM), 
i.e., R, = (D,, D, ,..., D s- ‘), R,= (G,, G ,,..., G,-,) with Di= (a,, a, ,..., 
a,-,), Gj=(bo, b ,,..., b,+,) i,j=O, l,..., (s-l), where a, ,..., a ,-,, 
b ,, ,..., 6, _, are scalars. 
With the symbol C= (c,, cl,..., c, _ I) above, where ci is a scalar or a 
matrix, we mean the matrix: 
* The names are in alphabetical order 
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CO 
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We have studied specifically constructions with blocks of size t = Nj2.r = 3 
and t = 5 for all the values, NE 2 mod 4, N< 100. 
Hence we consider the values: 
N=2. t.(2k+ 1) with t = 3 or 5 and k = 0, 1, 2 ,... . 
With blocks of size t = 3, we have constructed a number of D-optimal 
saturated designs for N = 6, 18, 42, 54, 66 and we prove the non-construc- 
tibility, by BCM for N= 30 and N= 90. We mention here that the 
D-optimal design for N = 66 has not been constructed before and it is 
constructed here for the first time. 
With blocks of size t = 5, we have constructed a number of D-optimal 
saturated designs for N = 10,30, 50 and prove the non-constructibility, by 
BCM for N = 90. For N = 50 we construct here a D-optimal design (up to 
equivalence) by BCM. We note that up to now, for N= 50, two D-optimal 
designs were constructed. These are given in Section 4. 
2. GENERAL REMARKS 
THEOREM 1. If  R, = (D,, D ,,..., Dspl), R,=(Go, G, ,..., G,-,), where 
Di, G,, i,j=O, l,..., (s- 1) are circulant matrices of order t, then 
R,R,= R,R,. 
Proof. From the definition of R,, R, we have 
R,R,=(Fo, F,,..., F,-l), 
where 
s- I 
Fr= 1 DiGrpiy r=O, l,..., s- 1 
i=O 
and 
G,-,EG,-i+. whenever r -C i. 
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Since Di, G, are circulant, they commute. Also R, R, = (H,, H, ,..., H,+ 1 ), 
where 
s-1 s-1 s-l 
H,= c GiD,ei= 1 D,piGi= c DjG,pi=F,. 
i=O i=o j=O 
Hence R, R2 = R2 R,. Note that RF= (D,‘, DL, ,..., 0:) is also block cir- 
culant consisting of circulant blocks because the transpose of a circuiant 
matrix D, is also circulant. This leads to 
COROLLARY 1. If R, , R2 are block-circulant matrices then 
R, RF= RTR,, R, RF= RTR,. 
Consider now the D-optimal design 
satisfying 
RRT= (2.1) 
where F= (N- 2) Ini + 2J,,,, I,, is the n x n unit matrix and J, is the n x n 
matrix of 1s. Then, it follows from Theorem 1 and Corollary 1 that the 
following designs are also D-optimal satisfying (2.1). 
where 
S, = +R, or +RT and &= +R,or &RI 
or 
S,= kR?or *RT and Sz= fR, or _+Rr. 
We can always then take R,, Rz so that the sum of the elements in every 
column of R, is greater or equal to the sum of the elements in every 
column of R2 which can be taken to be positive. 
From (2.1) we have 
R,R;+RzR;=(N-2)1,,,+2J,,,. 
Equality of the diagonal blocks in (2.2) gives 
(2.2) 
s- I 
,;o (DiDT+ G,G;) = (N- 2) I, + 25,. (2.3) 
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Relations (2.2) and (2.3) will help us to study the structure and then to 
construct R, and R2. 
In order to construct equivalent designs it is useful to consider the block 
circulant matrix 
Q = (0, Z, O,..., O), 
where 0 is t x t matrix of zeros and Z is t x t unit matrix, then Q’= Q- ’ 
and 
Q’= (0, 0 ,..., Z ,..., 0), 
i.e., Z has moved to the ith position i= 0, l,..., s - 1 (mods). Now given 
R,, R, of Theorem 1 we can write 
s-l s-l 
R,= 1 DiQi, R,= 1 GjQJ. 
i=o J=o 
This representation gives another easy proof of Theorem 1 and Corollary 1. 
Given R,, R, we apply the transformations x -+ xu+ p, y + yu+ q 
respectively, i.e., define 
s-1 s-1 
fi, = c Di Qi“+p, ff,= c GjQj”‘“, r,p,q integers. 
i=O j=O 
THEOREM 2. Zf R, , R, are as in Theorem 1 and satisfy (2.2), then RI, ff, 
obtained from RI, R, via the transformations x --, xu + p, y -, yu + q, with 
(u, s) = 1, also satisfy (2.2). 
Proof. R,Rr+R,RT=C::h F,Q’=(N-2) Z,,+2J,,, where Fr= 
1;:; (DiDT-r+GiGir_,), r=O, l,..., (s-l)), and DT-I-DT+,-r, GLr= 
G,T, ;-, whenever i < r. Hence 
F,=(N-2)1,+2J,, 
F,,=2J,, u = l,..., s - 1. 
Now 
s-1 s- 1 
&@‘tff,@= 1 FrQr”=F,Qo+2J, 1 Qr” 
r=O r=l 
= F,,Q” + 2J,(O, Z, Z ,..., I) 
= ((N- 2) Z, + 2J,, 2J ,,..., 25,) 
=(N-2)1,,+2J,,,, 
(2.4) 
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because TU takes all values 1, 2 ,..., s - 1 for r = 1, 2 ,..., s - 1 due to (u, s) = 1. 
This completes the proof. 
From now on we take R,, R2 so that the sum of the elements in every 
column of RI is greater or equal to the sum of the elements in every 
column of R, which is positive, of course this can always be done. Simply, 
this is expressed in 
O<erR,e<eTR,e, (2.5) 
where e is N/2 x 1 matrix of ones. 
COROLLARY 2. If R,, R, are as in Theorem 1, and satisfy the conditions 
(2.2) (2.5), then (RF, Rd, (RF, R:), (R,, RT), (ff,, &), CR:, &), (RF, RT), 
(8, , i?;), where ff , , Rz are as in Theorem 2, also satisfy (2.2) and (2.5). 
The proof follows from Corollary 1 and Theorem 2. 
3. BLOCKS OF SIZE t= 3 
For t = 3 there are only the two circulant (symmetric) blocks up to 
equivalence: A=(+, +, +) and I?=(-, +, +). Here + stands for +l 
and - for - 1. So every Dj or G, is + A or + B and then (2.3) is equivalent 
to 
t,A2+t2B2=(N-2)Z3+2J3, (3.1) 
where 
t, = the number of *As in every row or column of R 
t, = the number of + Bs in every row or column of R. 
But A2= (3, 3, 3), B2= (3, -1, -l), i.e., 
3t, + 3t, = N 
3t, - t2 = 2 
N-2 
t,=-. 
4 
Now multiplying (2.2) on the left by CT= (13, Z3,..., Z3) (s I+) and on the 
right by C, we obtain 
(x,A+x~B)~+(~,A+~~B)~=(N-~)Z~+~SJ~ (3.2) 
because CTR, = (x, A + x,B) CT, C’R, = (y, A + y, B) CT, where 
x, = the algebraic sum of As in every row or column of R, 
x2 = the algebraic sum of Bs in every row or column of R, 
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y, = the algebraic sum of As in every row or column of R, 
y, = the algebraic sum of Bs in every row or column of R,. 
So from (3.2) we have 
(x:+y;)A2+(x:+y;)B2+(x1x2+yly2)AB=(N-2)4+2& (3.3) 
or 
or 
3(x? + y:, + 3(x: + y:> + 2(x, x2 + y, y,) = N- 2 + 2s 
3(x? +yf)- (x”,+ yZ)+ 2(x,x,+y,y,) = 2s I 
N-2 
(3x, +x2)2 + (3y, +y,)‘=2(N- 1) 
The system (3.4) is only valid if (N - 2)/4 or/and N - 1 have no square free 
factor = 3 mod 4: 
So for N = 30, 78, 90 this system has no integer solutions. This proves 
the nonconstructibility of the designs for N = 30 and N = 90 by block- 
circulant matrices with blocks of size t = 3. 
Note that 3x, + x2 and 3y, + y, are the sum of the elements in every row 
of R, and R,, respectively. Thus we can take 
The solutions of system (3.4) for all the values of N = 2t(2k + l), N < 100 
are given in Table I. 
TABLE 1 
Solutions of the System (3.4) for all N = 6(2k + 1). N < 100 
k N 11 12 XI Yl x2 ‘2 
0 6 1 1 1 0 0 1 
1 18 2 4 I 1 2 0 
2 30 No solution 
3 42 4 10 2 0 3 1 
42 4 10 4 0 -3 1 
4 54 5 13 2 1 3 2 
54 5 13 4 1 -3 2 
5 66 6 16 5 1 -4 0 
66 6 16 3 1 0 4 
6 78 No solution 
7 90 No solution 
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The next step is to construct R, and R,. For this we find the number of 
As, -As, Bs, and - Bs in R, and R2 which is in agreement with the values 
of t,, t,, x, , x2, y,, y2 given in Table I. For example, for N = 42, one case 
is to take: 
in R, : 2 As, 4 Bs, and 1 -B 
in R,: 1 A, 1 -A, 3 Bs, and 2 - Bs. 
Then we consider all possible arrangements of these + As, ) Bs within R, 
and Rz so that (2.2) is satisfied. Such a solution for the above example is 
given by 
R, = (A, A, B, B, B, -4 B), R2=(A, -B, B, B, B, -B, -A). 
Since x -+ x + p, y + y + q will give equivalent designs (Theorem 2), we 
take p, q so that R,, R, have the maximum run of ones at the beginning of 
their first row; with this in mind and applying Corollary 2 we obtain the 
following series of equivalent designs for N = 42: 
(i) RT=(A, A, B, -B, B, B, B), R2=(A, -B, B, B, B, -B, -A) 
(ii) Rr=(A, A, B, -B, B, B, B), RT=(A, -A, -B, B, B, B, -B) 
(iii) R, =(A, A, B, B, B, -B, B), RT=A, -A, -B, B, B, B, -B) 
(iv) fi12=(A, -B, B, B, B, A, B), &??=(A, B, -B, -B, B, -A, B), 
we applied x + 2x and y --) 2-v 
(v) &,=(A, -B, B,A, B, B, B), &=(A, -B, B, -B, -A, B, B) 
we applied I + 3x and y -+ 3y 
(vi) (R,,, a;.), (RL, RG), (BE., Rzi) for i=2, 3. 
To find the first solution (R,, R2) satisfying (2.2) we used the computer. 
In table II are listed these solutions for N = 6, 18, 42, 54, 66. 
Note. The referee suggested a “difference set type” construction. 
According to this: 
For N= 42 there is the difference set ( 1,2,4] mod 7 with incidence 
matrix 
P= (0, z, z, 0, I, 0, 0) and P==J-I-P. 
Then the two last solutions for N = 42 are equivalent to 
R,== -A.I+A.P+B.PT, R,=B.I+B.P-B.PT 
R1=A.I+A.P-B.P=, R,=B.I+B.P-B,PT. 
For N = 66 there is the difference set (1, 3, 4, 5, 9) mod 
incidence matrix 
11 with 
P= (0, z, 0, z, z, I, 0, 0, 0, z, 0) and PT=J-I-P 
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TABLE II 
D-Optimal Designs: A=(+, +, +), B=(-, +, +) 
N R, R2 
6 A 3 
18 A B B A-B B 
42 A A 3 3 B-B B A-B 3 3 B-B-A 
AA B A B B-A 3 3 B-B B-B-B 
A A A-B A-B-B 3 3 B-B B-B-B 
54 A A B B-B B-B B B A B B B-A A B-B-B 
A A B-B 3 3 B-B B A-B-B B-A A B B B 
66 A A A-B A B-B A-B-B-B A-B B-B-B-B B B B-B B 
A A A-B-B B B-B B-B B A B B B B B-B-B B A-A 
AA A-B B B B-B-B B-B A A-B B B B B B-B B-A 
A A -B-B-B B B-B A B B A B B-B B-B B A-A B B 
Then the first solution for N= 66 is equivalent to 
R,=B.Z+A.P-B.PT, R,=A.Z+B.P-B.PT. 
It seems that some solutions as above can be obtained in this way. 
However the two solutions for N= 54, the first solution for N= 42, and the 
last three for N= 66 cannot be obtained in this manner. 
4. BLOCKS OF SIZE t=5 
For t = 5 there are four circulant (symetric) blocks up to equivalence: 
A,=(+, +, +, +, +I, A,=(-, +, +, +, +I, 
A,=(+, -, +, +, -), A,=(+, +, -, -, +). 
Relation (2.3) now becomes 
t,A:+t,A:+t,A;+t,A;=(N-2)1,+2J,, (4.1) 
where tj = the number of f Ais in every row or column of R (R, and R,). 
Note that 
A: = (5, 5, 5, 5, 5), A:=(59 1, 1, 1, 11, 
A:= (5, -3, 1, 1, -3), A:=(5, 1, -3, -3, 1). 
In Table III are listed all solutions of (4.1). 
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TABLE III 
Solutions of (4.1) for N= lO(2.k + i), NC 100 
k N (1 tz [3 1.4 
0 10 
1 30 
30 
2 50 
50 
50 
3 70 
70 
70 
4 90 
90 
90 
90 
0 
0 
1 
0 
1 
2 
2 
1 
0 
0 
2 
3 
2 
4 
1 
6 
3 
0 
2 
5 
8 
10 
7 
4 
1 
0 
1 
2 
2 
3 
4 
5 
4 
3 
4 
5 
6 
0 
1 
2 
2 
3 
4 
5 
4 
3 
4 
5 
6 
7 
Multiplying (2.2) on the left by CT=(Z5, Z5,..., IS) (s 1,s) and on the 
right by C, we obtain 
where 
,xi = The algebraic sum of Ais in every column of R, 
yi = The algebraic sum of A is in every column of R2 
All solutions of (4.2) are given in Table IV. 
For N= 70, 90, there does not exist an integer solution of (4.2). This 
shows the non-constructibility of the design for N= 90 by block circulant 
matrices with blocks of size t = 5. Of course for N= 70 no design exists 
satisfying (2.1) (Ehlich [ 1 ] ). 
TABLE IV 
Solutions of (4.1), (4.2) for all N= 10(2k+ l), NC 100 
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TABLE V 
D-Optimal Designs with Blocks of Size t = 5 
N R, R2 
10 A2 A2 
30 A,> ~42, -A, A,. A,, A4 
50 At, -Ax. A,, A,, Az, A,, 4, -4, A,, A, 
Working as in Section 3 and guided by Table IV we construct all 
possible R,, R,. For N= 10, 30, we used hand-computation, but for N= 50 
we used the computer. 
We can generate further equivalent designs by applying Corollary 2. So 
the transformations x -+ 2x, y --+ y for N= 50 gives: 
&, = (A,, A,, -A,, 4, A,), &,= (A,, A,, Al, A,, --b). 
Also equivalent are the designs 
and 
CRT, &), (RI 9 RT), (RT, G-J 
c&L &,)v Ce2~ m, UL m. 
For N= 50, the other two known optimal designs are: 
(i) R, = R, = R, where R is given in Raghavarao [2] and is not cir- 
cular, and 
(ii) R,=(---+++-+-+--++--+++++++++) 
R,=(-+-++---++++++-++-++-++-+) 
given by Yang [7] which are circular. 
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